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1. INTRODUCTION 
The aim of this paper is to study the existence of the solution to the following equation: 
N 
u, = Z {(u~,)x~ +biun~}x, _~r, (i.11 
i=l  
where rni, bi, ni, and C are constants. As it is well known, there have been a great number of pa- 
pers dealing with the case under which all the m~s and n~s, respectively, equal to a same constant. 
See, for example, [1-7] and the excellent survey paper [8]. In this special case, equation (1.1) is 
called Porous Medium Equation (PME). Although there are a lot of works which have general- 
ized the results on PME to degenerate parabolic equations in general form, see [9-16], there are 
few papers, up to the author's knowledge, to study equation (1.1) or even its model equation as 
follows: 
N 
ut = ~(u  mi )zix, (1.2) 
i=l  
with different positive constant mi for 1 < i < N. 
The author would like to thank Professors X. Shutie, P. Michel, and S. Ning for their inspired discussions and 
helps. 
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However, equation (1.2) has strong physical backgrounds. In fact, it comes directly from water 
moves in an anisotropic porous media. See [17] for the details. If the conductivities of the media 
is different in different directions, the anisotropic phenomenon must happen [17]. 
As we will see, comparing with the usual PME, the anisotropy of the diffusions and the singu- 
larity of the convections in (1.1) would cause many difficulties in techniques as well as in methods. 
Nevertheless, we can eventually obtain the existence, comparison principle, and uniqueness for 
the bounded and continuous solutions to the Cauchy problem and the first boundary-initial-value 
problem for equation (1.1). In this paper, we shall prove the existence results. The comparison 
principle and the uniqueness will be proved in second part [18]. 
Let us begin with the definition of solutions to equation (1.1). 
DEFINITION 
main QT, if 
and 
1.1. A function u(x,t)  is called a (generalized) solution to equation (1.1) in a do- 
u(x, t) • c (1.3) 
T t 
o 
T' 
(1.4) 
for all bounded ~' c f~,T' • (0,T] and all nonnegative ~ • C2'1(Q~,) with ~(x,t)  = 0 on 
Of 2' x (0, T'), where QT = f~ x [0, T), f~ C R N, T • (0, co), Q~, = f~' x [0, T'), and dA is the area 
element of Of Y with outer normal ~, 5i is the angle between xi-azis and ~, and aibi or aib~c{ etc. 
means summation for i from 1 to N. 
Similarly, if u satisfies (1.3) and I(u, ~, Q~,) >_ 0(< 0), then we call u a supersolution (subso- 
lution) to (i.1). 
Our plan of the paper is as follows. In Section 2, we list the assumptions and main results. In 
Section 3, we will show how to get the solution and leave the proof of its continuity in Section 4. 
2. ASSUMPTIONS AND MAIN RESULTS 
Throughout this paper, we will use the following notations: 
QT = f~ x [0, T], FT = f~ x {0} U 0f~ x [0, T). 
In order to state the existence results, we need following assumptions. 
AI: m~,n~,r>Ofor l< i<Nande>_0.  
A2: (i) ~2 is a strict convex domain in RN; or 
(ii) for every x ~ E 0f~, there exists an outer tangent ball of cgf~ and 
max {mi - -mj}  < min {1,ni,mi,r}. 
l<_i,j<_N I< iKN-  
THEOREM 2.1. I f  Assumption A1 holds, then for any given Uo(X) E L°°(R N) M C(RN), there 
exists at least one solution to equation (1.1) satisfying u( x, O) = uo ( x ) in R g . 
THEOREM 2.2. f f  Assumptions A1 and A2 hold, then for any T > 0 and for any given uo(x,t) E 
LC~(F~) M C(FT), there exists at least one solution u(x, t) to equation (I.i) satisfying u(x, t) = 
UO(X,t) on FT. 
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3. EX ISTENCE OF  WEAK SOLUTIONS 
In this section, we always assume that (A1) and (A2) are satisfied. 
For each ~ > 0, consider 
N 
= m, (3.1) ~ ~((u  )~+b~'>~, -e~+~ 
i= l  
on a domain ~ x [0, T] with boundary and initial values 
u(x, t) = ¢(x, t), on FT, (3.2) 
where ¢(x,t) satisfies (3.1) on 0~ x {0} and 
_< ¢ < M, ¢ e C 2'1 (~ × [0, T]). (3.3) 
LEMMA 3.1. For given ~ >0,  there exists only one u(x, t )  E C2'1(~ x [0, T]) satisfying (3.1) 
and (3.2). Moreover, the solution u satisfies 
lu(x, t) - u (xo, to)] <_ C1 ( M, d, to, Ix - xo[ + It - tol) , (3.4) 
for all (x, t) and (xo, to) in QT, where M is as in (3.3), d = dis{x0, 0~}, and C1 is a constant 
depending on M, d, to, and Ix - x0[ + [t - to[ but independent of¢. Furthermore, one has that 
lim C1 (M, d, t0, s) -- 0. (3.5) 
s---*0 
PROOF. Obviously, the standard maximum principle argument and (3.3) imply that E < minQr u 
< maxQr u _< M for each classical solution u to (3.1) and (3.2). Thus, (3.1) is a uniformly 
parabolic equation for each e > 0. Using the standard theory in parabolic equations (see [19] 
for details), we can obtain the existence and uniqueness for a solution to (3.1) and (3.2) in 
C2,1(~ x [0, T]). Equations (3.4) and (3.5) can be proved by a method in [12]. The author in [20] 
has proved (3.4) and (3.5) for a more general equation than (3.1). 
LEMMA 3.2. There exists a function v satisfies 
v(x, t) E L °° (R g x (0, T)) n C (R g x [0, T]) 
and (1.a). 
PROOF. It is well known from the classical results, say [19], we can construct a sequence of 
functions {Vn} by solving 
N 
= m,  bivn~' }z~ 
i=1 
with the initial value as 
v~(x,0) = { 
max {u0,n-1}, 
Vn(X) ,  
where v,~(x) is a solution to the problem 
N 
Z (~m,)~,~ +b~ (~')x~ = 0, 
i= l  
v(x, O) = max {u0(x), n - l} ,  
v(x, O) = M, 
- cv,~ + cn -r,  in f2,~ x (0, T] (3.6) 
in fin-1 x {0}, (3.7) 
in (~-~n\~'~n-1) x (0} ,  
on ~,~\~,~-1, 
on Of~,~_ 1,
on 0f~n 
(3.s) 
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and the boundary  value Vn(X,t) = pn(t) on c0~2n x (0, T) with pn(t) being a solution to the 
problem 
p~n(t) = -cp~ ~ + cn -~, for t > 0, 
pn(O) = M. (3.9) 
Then by Lemma 3.1, we can easily show that  vn is equicontinuous on any compact  subset in 
R N x (0, T], and hence, there exist a subsequence of Vn, denoted still by itself, possessing a limit 
function, say v. To verify that  v satisfies equality (1.4), we mult iply equation (3.6) by a test 
function ~(x, t) and integrate resulted equality over any Q~T' C R g x (0, T]. Using integration 
by parts we finally get 
, /o I (vn ,~,QT, )  + cn- l~dxdt .= O, for all n. i T j 
Lett ing n --~ oc and taking the limit for the above equality, we see that  the equicontinuity of vn 
! and the continuities of the functions involved implies I(v, ~, QT') = 0. Hence, v is the required 
function. 
LEMMA 3.3. There exists a function w satisfies (1.4) and 
w(x, t) • c(0r)  
with f~ being a bounded domain satisfying Assumption A2. 
PROOF. Similar to the proof of Lemma 3.2, we can construct a sequence of functions {wn} by 
solving 
N 
m./ 
Wnt : E{(Wn )xi dV b iwni} x~ - cwr  -~ cn - r  , i n  QT (3 .10)  
i=1 
and 
wn(x,t)  = max (Uo(x,t) ,n-1),  on FT. (3.11) 
Using the same arguments as in proof of Lemma 3.2, we obtain a function w satisfying (1.5). 
Now we have proved Theorems 2.1 and 2.2 except for the continuity of v and w on the parabol ic 
boundary  of R g x (0, T] and QT, respectively. We refer the result in [13] for the continuity at 
t = 0 while the continuity on cgf~ x (0, T] will be proved in the next section. 
4 .  BOUNDARY CONTINUITY  
To prove the continuity of w = Uo on 0f~ x (0, T], we denote u = w and separate the points 
(x0, to) c 0f~ x (0, T] into two classes 
(i) u(xo, to) = 0, and 
(ii) uo(xo,to) > O. 
I t  is also trivial for proving continuity for Case (i); see [15,16]. Here we need only to prove the 
continuity in Case (ii). In this situation, if we can show that  u(x,t)  > 0 in a neighborhood of 
(xo, to), then the classical results can be applied. 
LEMMA 4.1. I f  Assumptions A1 and A2 hold and U(Xo, to) > O, then there exists a neighborhood 
of (xo,to), in which u > O. Hence, by the classical results, u(x,t)  is continuous at (xo,to) and 
u = Uo on Of~ x (0, T]. 
PROOF. Let Po be the radius of an outertangent ball of f~ at x0, for all e E (O,u(xo,to)) there 
exist 6 and p > 0 such that  p < P0 and 
inf u(x, t) > U(Xo, to) - -~ Bf, x (- 5+ to,5+to)nOfl x (0,T] • (4.1) 
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First, suppose that A2(i) hold. Choose constants 0 < 6', 5" < 5 and let 
It - to + 5' )] 
8 = + ~.  (z - z0 
5 + 
(4.2) 
where g is the outer normal of 0fL Setting 
fp (s )  ~ --2~ .~mi--1 
O(t) dt= s, 
JO i=l 
(4.3) 
and define 
we have 
provided that 
and 
L(u) =ut -  {~ [(um')x' +biunq'~' -cu~} 
p! 
L(p) = 7 - .2 (pro,). _ .ibi (pn, ), + cp~ < 0 (4.4) 
/o'{ ' O(s)  = 1 + I.~b~tn~l + ~ + " i 'mi~ " • dr, 
fO 
~b( x,t )-e _2~ -m~ - I 5' 
O(r) dr >_ -~, 
(4.5) 
(4.6) 
fo¢(X,t)-~/2 ~2~ _m--1 5 t 6" '/~ ,,~i- ' + (4.7) e(r) dr > - -T - -  
Observing that the strict convexity of fl implies the following facts: if (5' + 5")/5 is small enough, 
then 
{ t - t °+5 '  } S=QTN (x,t): +Eni(xi--Xoi)>O, tE (--6'+to,5"+to) (4.8) 
i=1 
is a nonempty subset of B (p) x [-6 + to, 5 + to] in which ¢(x, t) > ~b(x, t) - e/2, we have obtained 
that un(x,t) =- wn(x,t) > p(s(x,t)) for all (x,t) E S. This proves the required result. 
In case of A2 (ii), we can show the positivity of u(x, t) in a neighborhood of (x0, to) similarly 
by choosing 
I t - to+5'  4(x - k) 2 ] ff(s) m,t'~'-I 
s= 5' - (1 + 2~)2p2J + ' J0 O(t) dr=s, 
and 
0(s )  = s ° ,  + + 
N 8 
(1 + 2~)2p 2 EmjsmJ-1 + 
j=l 
8 s 
4 
p40~-2" 
By choosing sufficiently small 6', 6", and e, we show that 
un - wn(x,  t) > p(s(x,  t)) 
in the domain QT n {(x,t) : s > 0,t E [to - 6',to +5"]}. 
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